A squeal test using a pad with a different thickness demonstrated that a squeal with a higher frequency can be generated if a thin pad is used. The factors that changed as a result of pad thickness were termed 'difference of pad rigidity' and 'dimension difference in the thickness direction of the pad,' and the influence each factor exerted on the squeal was clarified. First, the dynamic stiffness of the pads used for the squeal tests were measured by adding a vibration that imitated the frequency and amplitude of the squeal. The measurement showed that the pad rigidity becomes hard when the pad thickness becomes thin. In addition, the pad vibrated with the same amplitude and the same phase from the frictional contact surface to the back plate in the thickness direction. The pad rigidity is in inverse proportion to the pad thickness because the pad can be viewed as springs in series in the thickness direction. Next, the influence that pad thickness exerted on squeal was analyzed by using a surface-contact-analysis model that reproduced the pad rigidity with a distributed spring and the dimension difference in the thickness direction of the pad with distance from the contact surface to the rotational center of the pad. Results showed that the squeal frequency becomes high when the pad rigidity becomes hard. If the dimension in the thickness direction of the pad becomes small, the squeal is not generated easily; however, the dimension does not influence the squeal frequency.
Introduction
Disk brakes are used to adjust and stop the speed of rotation by pressing friction material (pad) against rotating discs. Disk brakes are widely used in cars and industrial machinery because they are light and reliable. However, shrill noise called squeal is sometimes generated when disk brakes are applied. Whether squeal is generated depends on the pressure value for brakes on the frictional contact surface between the disks and pads. In addition, when pads are worn out by braking, squeal is generated even if it was not generated when the pad was new (1) .
The mechanism responsible for generating squeal has been researched over a long period of time and numerous analytical models have been proposed. The cause of squeal is self-excited vibration generated by motion coupling of the disk and pad-caliper (2) (3) . It has also been reported that the rigidity of the frictional contact surface between the disk and the when squeal was generated. The rigidity used for analyses was adjusted to convenient values to reproduce squeal in the experiments. To effectively prevent squeal, it is necessary to measure the rigidity and to clarify what influences the generation of squeal. We have been examining what influence the spring characteristics of the friction-contact surface have on squeal (6) - (8) . First, a squeal test was carried out by using a testing machine that simplified pad-calipers so that they had a symmetrical structure to clarify what influence the friction-contact surface had on squeal (6) . The test results confirmed that squeal frequency increased when the thrust load for braking applied to the pad was increased. Next, the mechanism responsible for generating squeal was examined by using a surface-contact-analysis model where the friction-contact surface was reproduced by using distributed springs (7) . The results obtained from analysis clarified that the dependence of pad rigidity on thrust pressure caused squeal to generate, and that it also influenced the sound-pressure-level (SPL) and the frequency of generated squeal. Therefore, the dynamic stiffness of pads in the squeal-frequency bandwidth was measured by adding vibration with the same amplitude and frequency of squeal. The results clarified that the pads became rigid when the pressure applied to them was increased (8) . Thus, it is
necessary to clarify what factors influence the value of pad rigidity to develop pads in which squeal is not generated. What influence pad thickness had on squeal was examined separately for pad rigidity and the dimension of thickness in this research because the thickness changes as brakes wear out when braking. First, the influence of pad thickness on squeal was clarified by administering a squeal test. Next, the dynamic stiffness of pads with different thicknesses was measured. Finally, the mechanism for pad thickness creating squeal was examined by using the surface-contact-analysis model. The results clarified that the rigidity and the dimensions of pads influenced squeal.
Squeal test

Squeal testing machine
To clarify what influence pad thickness had on squeal, squeal tests were conducted with a testing machine that simplified the actual structure of disk brakes (6) . There is a photograph of four test pieces of a brake pad in Fig. 1 . The friction material for brakes and the metallic base for installation on the caliper were sintered and were used as a brake pad. The test pieces were cut out from a pad for a car that had a contact surface with a size of 20 × 20 mm. Test pieces with four kinds of thicknesses were prepared by grinding thickness L of the friction material to 12 mm, 9 mm, 6 mm, and 3 mm. The thickness of the base for all four test pieces was adjusted to 5 mm. The shape and dimensions of the disk are given in Fig. 2(a) . The disk was made of steel and its inner was fixed and its outer was free, which were the boundary conditions. The thickness, h, of the outer part of the disk is 6 mm. The shape and dimensions of the pad-caliper are outlined in Fig. 2(b) . The caliper was substituted with a plate spring. The plate spring was placed between the pad and back plate, and it was fixed to them with bolts.
In addition, both ends of the plate spring were fixed to a support stand that could be considered to be a solid body. A steady squeal could be generated by managing the support stiffness and contact state of the pad to the disk by using the plate spring. However, the maximum pressure that pressed the pad against the disk was limited to 0.4 MPa to avoid plastic deformation of the plate spring. The natural frequencies of the disk are listed in Table 1 (a). Natural vibration mode 2-0 had two nodal diameters and zero nodal circles. The natural frequencies of the pad-caliper are summarized in Table 1 (b). Natural vibration mode 1-1 is a bending mode that has one antinode both laterally and longitudinally. The pad in this mode moves translationally in the out-of-plane direction of the disk. Natural vibration mode 1-2 has one antinode laterally and two antinodes longitudinally. The pad in this mode moves rotationally where the rotational center is the center of the plate spring. The natural frequency of rotational motion is twice that of translational motion. The influence of pad thickness on natural frequency is small. 
Frequency and SPL of squeal
What influence pad thickness had on squeal was examined. The pad was pressed onto the disk rotating at a constant speed of 40 rpm to generate continuous squeal. The pressing position for the pad was at the same height and 110 mm away along the radius from the rotational center of the disk. The generated squeal was measured with a precision-sound-level meter, which was placed 40 cm away from the center of the frictional contact surface. The frequency and SPL of squeal were analyzed by using a fast-Fourier-transform analyzer. Figure 3 plots the results obtained from FFT analysis when the thrust load that pressed the pad against the disk was adjusted to 100 N. Where pad thickness L was 12 mm and 9
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Vol. 4, No. 6, 2010 mm, squeal with a frequency of 2020 Hz was generated. This frequency is a little lower than the natural frequency of disk 4-0 modes of 2168 Hz. Where pad thickness L was 6 mm and 3 mm, squeal with a frequency of 3024 Hz was generated. This frequency was a little lower than the natural frequency of disk 5-0 modes of 3224 Hz. The squeal frequencies increased when the pad became thinner. What influence thrust pressure had on squeal SPL was examined. Figure 4 plots the relation between the pressure and SPL of squeal. The horizontal axis is the average pressure on the contact surface calculated by dividing the thrust load in the contact area of 20 × 20 mm. Where pad thickness L was 12 mm, squeal with a frequency of about 2 kHz was generated when pressure was more than 0.1 MPa, and SPL increased when the pressure was increased. Where pad thickness L was 9 mm, squeal with a frequency of about 2 kHz was generated and the maximum SPL was 100 dBA at 0.25 MPa. When pressure was increased more than 0.25 MPa, the SPL decreased. Where pad thickness L was 6 mm, the maximum SPL of squeal with a frequency of about 2 kHz was 80 dBA, and SPL decreased when pressure was increased more than 0.125 MPa. Instead, squeal with a frequency of about 3 kHz was generated and its SPL increased with pressure. Where pad thickness L was 3 mm, squeal with a frequency of only about 3 kHz was generated and its SPL increased with pressure. When the pad became thinner, the pressure where the squeal of each frequency began to generate decreased. Thus, squeal with a high frequency was easily generated when the pad became thinner.
After this, the squeal vibrations of the entire disk in the out-of-plane direction were measured by using 24 non-contact displacement sensors installed around the circumference of the 110-mm diameter disk. The disk's circumference moved positive counterclockwise and its center coordinates were at the center of the contact surface between the disk and the pad. The 24 sensors were installed at intervals of 15° starting at a position of 7.5°.
The left of Fig. 5 (a) has the results from measuring disk vibration when the pad was 12 mm thick and the thrust pressure applied to the pad was 0.25 MPa. The antinodes and nodes (broken lines in figure) were at constant positions and stationary waves were generated. The vibration frequency of the disk was 2020 Hz, which was the same as the squeal frequency. The right of Fig. 5 (a) outlines the disk vibration mode. There were four diameter nodes even though the interval between the nodes was narrow in the vicinity of the contact surface. The shape of the squeal vibration mode was near the 4-0 mode of natural disk vibration. Therefore, we called squeal with this vibration mode the 4th squeal.
The left of Fig 5. (b) has the results from measuring disk vibration when the pad was 3 mm thick and the thrust pressure was 0.25 MPa. There were five diameter nodes and a 5th
Journal of System Design and Dynamics
974
Vol. 4, No. 6, 2010 squeal was generated. The natural vibration mode of the disk influenced the vibration mode and squeal frequency. The squeal frequency increased according to the squeal vibration mode of the disk when pressure increased. 
Apparatus for measuring dynamic stiffness
The relation between the rigidity and thickness of the pad was measured. Figure 6 shows the apparatus we used for measuring the dynamic stiffness of the pad (8) . A constant pressure that imitates thrust pressure on the brake was applied to the pad with a thrust screw in the upper part of the apparatus. Random noise vibration that imitated squeal was added to the pad by using an excitation board driven by four piezo actuators. The displacement in the pad caused by excitation was measured as acceleration by using an accelerometer pickup set up on the excitation board. The excitation force to the pad was measured with a piezo-electric force sensor installed in the base that supported the pad. 
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Vol. 4, No. 6, 2010 Equation (1) is Laplace transformed, and the transfer function (dynamic stiffness) is obtained from displacement to force.
At a frequency that is sufficiently lower than the breakpoint frequency, k / c, the gain of dynamic stiffness is flat and the value of gain can be considered to be spring constant k because the influence of damping coefficient c is sufficiently small. Damping coefficient c can be calculated with spring constant k and breakpoint frequency k / c
Brake pad
Force sensor
Piezo-electric 
Measured results
The dynamic stiffness of pads with different thicknesses was measured and the results are presented in Fig. 7 . The maximum value of constant pressure applied to the pad was 2.5 MPa. The degree of braking applied in a car is usually lower than the pressure. The measurement results reveal that the gain of dynamic stiffness became flat in the frequency bandwidth of squeal. Therefore, the gain was considered to be the spring constant of the pad and it was a constant value in the squeal bandwidth frequency.
The relation between pad thickness and rigidity is plotted in Fig. 8 . The values of pad rigidity k (•, ▼, ▲ and ■) at all four thicknesses L (12, 9, 6, and 3 mm) was obtained by measuring the dynamic stiffness at 2 kHz near the 4th squeal frequency. The pad became rigid when the thrust pressure was increased. The approximation line for the relation between pressure and rigidity is also shown in Fig. 8 .
The nonlinearity index, N, shows the extent to which rigidity depends on pressure. The value of K N is the coefficient of rigidity. When nonlinearity index N of all four pads is the same, the pad rigidity is proportional to the value of K N . Figure 8 shows that when the pad becomes thinner, rigidity increases. The approximation of the relation between rigidity and pressure by using Eq. (3) clarified that nonlinearity index N did not depend on the pad thickness and have a constant value of 0.375. Table 2 lists the value of each pad K N and the ratio based on K N when L is 12 mm. Pad rigidity was almost in inverse proportion to its thickness. 
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Dependence of pad rigidity on thickness
The dependence of pad rigidity on thickness was examined by measuring the deformed state from the frictional-contact surface to the base of the pad when it was excited. Figure 9 outlines the arrangement of the experimental apparatus. A strain gauge 3 mm in length was placed in the direction of thickness of the friction material for the pad. The position of the gauge ranged from 12 to 9 mm, 9 to 6 mm, 6 to 3 mm, and 3 to 0 mm. The pad with the strain gauge was set up in the apparatus shown in Fig. 6 , and a constant pressure of 2.5 MPa was applied to the pad. After this, the pad was excited with a sine wave of 2 kHz near the 4th squeal frequencies, and the strain in each of the four positions was measured. The time-base waveforms for the pressure and the displacement caused by excitation are in Fig. 10 . The displacement is the conversion of acceleration measured with the acceleration pickup set up on the excitation board. The figure indicates that the phase of displacement and the pressure were the same. Rigidity in the direction of thickness of the pad was obtained from the total amplitude of displacement and pressure (k =f /x). As a result of this calculation, rigidity in the direction of thickness of the pad was 2×10 11 N/m/m 2 . This value was equal to the measured results for the dynamic stiffness given in Fig. 7(a) . 
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Vol. 4, No. 6, 2010 Next, the strain of the pad caused by excitation was measured at all four positions in the direction of thickness. The measured results are given in Fig. 11 . The phase of strain for all four positions was the same. The amplitude of strain can be converted into displacement. It becomes 0.030, 0.039, 0.039, and 0.030 µm in each range of 3 mm on the strain gauge from the contact surface to the base. Their total value is 0.138 µm and this is almost equal to the excitation amplitude of the entire pad of 0.14 µm given in Fig. 10 . Figure 11 shows that the pad vibrated in the direction of thickness uniformly. The pad is composed of a series spring in the direction of thickness of the pad and the value of the spring constant in all four positions is the same. Because of the number of series springs decreases when the pad becomes thinner, the value of pad rigidity is in inverse proportion to its thickness. 
Surface-contact-analysis model
The influence of pad thickness on squeal was analyzed separately to find the influence of rigidity and the influence of dimensions in the direction of thickness. Figure 12 outlines the surface-contact-analysis model we used for analysis (7) . The disk in the model is expressed by a vibration system with one-degree-of-freedom (translational direction). Further, the pad-caliper is expressed by a vibration system with two-degrees-of-freedom (translational and rotational direction). The friction contact surface is reproduced with a distributed spring. The frictional coefficient µ of the pad was measured to be 0.3. The measured results for pad rigidity is substituted for the distributed spring, k. The squeal generation is also analyzed taking into consideration the rigidity distribution on the contact surface. The equivalent mass and equivalent spring constant of each vibration mode of the disk are listed in Table 3 . The equivalent mass, M, is calculated as the kinetic energy of the entire disk that is a continuous body, which is equal to the kinetic energy of the solid body that has one-degree-of-freedom. The equivalent spring constant, K, is calculated from M and the natural frequency of the disk, f d . The mass, moment of inertia, and dimensions from the contact surface to the rotational center of the pad-caliper are summarized in Table 4 . Each value of m is the total mass of the vibrating part (test piece, plate spring, and back plate). Each value of J is the moment of inertia that is calculated as the rotational center is the center of the plate spring. The values of l G are the dimensions from the contact surface to the center of the plate spring. The spring constant, k t , is stiffness in the translational direction, which is calculated from m and f t . The spring constant, k φ , is stiffness in the rotational direction, which is calculated from J and f φ . When the pad thickness is changed, the change in mass m and moment of inertia J is small and has little influence on squeal. It is necessary to examine what influence rigidity k and dimension l G have on squeal to clarify the mechanism responsible for generating squeal. The equations of motion are
The range of integration in the equations is determined by the range of the contact surface. Function f is the pressure fluctuation caused by squeal vibration at each position l on the contact surface.
The value of x is the relative displacement between the disk and pad. Equation (7) is
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Vol. 4, No. 6, 2010 substituted for Equations (4) - (6) . The equations of motion are Laplace transformed and provide the following matrix. of s) . If the characteristic equation has a conjugate complex root, s = X ± iY, and the real part, X, has a positive value, self-excited vibration (squeal) is generated. The value of real part X is called the squeal index because it determines the speed at which vibration emanates and how easily squeal is generated. It is necessary to always adjust X to 0 or less to develop brakes in which squeal is not generated. The value of imaginary part Y represents squeal frequency. When the coupling coefficients have an opposite sign, there is a possibility that coupled vibrations will become unstable and squeal (self-excited vibration) will be generated. We focused on B 13 and B 31 , which are the coupling coefficients of the translational motion of the disk and the rotational motion of the pad. When the value of rigidity is the same in all contact regions, the value of B 13 becomes 0 because the frictional contact surface is symmetrical, and squeal is not generated. However, when the pad inclines because of the moment due to frictional force, the distribution of pressure does not become uniform. Then, B 13 takes a same value because of the dependence of rigidity k on pressure. There is a possibility that squeal will be generated when B 13 is positive and B 31 is negative. In other words, the condition,
, should exist to generate squeal. It is necessary to analyze the influence of k and l G , which are included in the condition to generate squeal.
Analysis results
Squeal was analyzed to clarify what influence rigidity k and dimension l G separately had on it. The pad thickness decreases as it is worn out by braking. The natural frequencies of the disk and pad-caliper also change according to the shape of the disk brake. Figure 13 plots results obtained from analyzing squeal on the pad at four thicknesses L when the natural frequency of the disk and the pad-caliper was changed. The thrust pressure in the analysis was 0.25 MPa. The equivalent mass of 4-0 modes was used for the analysis as a representative value because equivalent mass M does not depend much on the vibration mode. The natural frequency of the pad-caliper changes in proportion to the thickness of the plate spring (6) . Natural frequency f t in the translational direction is also a value of about 1/2 natural frequency f φ in the rotational direction. To simplify analysis, the value of f t was set to 1/2 of f φ in the analysis. Mass m and moment of inertia J were determined according to pad thickness L. Therefore, the results of analyses in Fig. 13 indicate the influence of pad thickness L on squeal by changing K, k t , and k φ in Eq. (8) .
The broken lines in Fig. 13 indicate natural frequency f d of each vibration mode of the disk and natural frequency f φ in the rotational direction of each of the four pads with different thicknesses L. The influence that the change in natural frequency f φ has on squeal can be disregarded because it hardly changes according to the pad thickness. The squeal of pads with different thicknesses is generated within the range shaded in gray. We determined whether squeal was generated by combining the natural frequency (f d and f φ ) and the pad
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Vol. 4, No. 6, 2010 thickness (k). When the pad was thin, squeal was generated within the range where the natural frequency of the disk, f d , was high. This tendency corresponded to that in the results obtained from the squeal test. The influences that each rigidity k and dimension l G had on squeal were analyzed separately. The analytical results when rigidity k, dimension l G , mass m, and moment of inertia J were changed simultaneously according to thickness L are given in Fig. 14 . When pad thickness L was 12 mm, 4th squeal was generated at low pressure and 5th squeal was generated at high pressure. When pad thickness L was 9 mm, the range of pressures that each squeal generated shifted to the low pressure side. When pad thickness was 6 mm, 5th squeal was generated from low pressure and the range narrowed. When pad thickness was 3 mm, 5th squeal was generated at low pressure and 6th squeal was generated at high pressure. The tendencies in the analysis results corresponded to those in the squeal test. However, squeal frequency in the analysis was higher than that in the squeal test. There is a possibility that the actual rigidity of the pad in the squeal test was less than the measured rigidity discussed in Section 3. It is necessary to develop a device that can reproduce the conditions to generate squeal (e.g., slips state, contact state, worn pads, and the amplitude of squeal vibration) and to measure rigidity with a great degree of accuracy. 
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Vol. 4, No. 6, 2010 Figure 15 shows the analytical results when only the pad rigidity, k, was changed. The rigidity used for analysis was determined by the value, K N , given in Table 2 . The other parameters (l G , m, and J) were assumed to be the values when L was 12 mm in Table 4 . The left upper of Fig. 15 shows that the value of K N used for analysis is the value when L is 12 mm, which is given for the comparison. The same figure shows that the vibration mode of squeal increases when rigidity k becomes extremely hard. Moreover, the pressure range where squeal is generated broadens and the maximum value for squeal index X of the 5th squeal increases more than that in the analytical results in Fig. 14 . These results indicate that pad rigidity k has an influence within the range of pressure where squeal is generated and at the maximum value of squeal index X. Figure 16 has the analytical results when only dimension l G from the frictional contact surface to the rotational center of the pad changes. The other parameters (m, J, and k ) used for analysis were assumed to be values when L was 12 mm. Regardless of the value of dimension l G , 4th squeal is generated in the low pressure and 5th squeal is generated at high pressure. These results indicate that dimension l G only has a small influence on the pressure range where squeal is generated. However, squeal index X decreases and squeal is hardly generated when l G decreases. The analysis results in Fig. 14 indicate that when thickness L of the pad decreases, both rigidity k and dimension l G are changed. High-frequency squeal is easily generated when rigidity k increases as shown in Fig. 15 . At the same time, squeal is hardly generated when dimension l G decreases as shown in Fig. 16 . The maximum value of X and range of pressure where squeal is generated do not change as much in Fig. 14 as they do in Fig. 15 because change of l G also influenced squeal and reduces the influence of k.
Conclusion
We examined what influence pad thickness had on squeal separately for the influence of pad rigidity and the influence of dimensions from the frictional contact surface to the pad rotational center in this study. We clarified that pad rigidity increased when the pad became thinner and influenced SPL and the frequency of squeal. It is necessary to clarify what influence the rigidity and dimensions of the pad have on squeal in more accurate experiments and analyze the conditions near actual brakes to propose an effective method of preventing squeal. The three main results from this study are below.
(1) The results of a squeal test indicated that the frequency of squeal increased when the pad became thinner. (2) The measured results of pad dynamic stiffness clarified that the value of pad rigidity was in inverse proportion to the pad thickness. The pad was composed of a series spring that was thoroughly transformed into the direction of thickness. (3) The results from the surface-contact-analysis model clarified that pad rigidity influenced the frequency of squeal and the pressure range where squeal was generated. Further, squeal was hardly generated when the distance was shorter from the frictional contact surface to the rotational center of the pad.
